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Modelling Stellar Absorption Lines 

Kenneth R Whight 

Abstract 
Spectroscopy is being undertaken by an increasing number of amateur astronomers as equipment 

prices fall to more affordable levels. Many, perhaps most, amateur spectroscopists seek to obtain 

high quality data suitable for contributing to professional/amateur collaboration projects and whilst 

this is to be recommended and is very worthwhile there is a class of amateur, myself included, that 

wish to extract as much information as possible from their data mainly to satisfy their own curiosity. 

In seeking to do this I discovered that there does not seem to be a simple "Bohr atom" equivalent 

model of the absorption line forming region of stellar atmospheres, so I set about creating one 

together with software to implement the model. This paper describes the novel aspects of the 

model in detail and demonstrates that it is reasonably successful at approximating the measured 

profiles of a variety of stars. There will inevitably be stars for which the model is not as successful, in 

these cases knowing how the spectrum of a simple stellar atmosphere should appear may allow 

useful speculation regarding the reason for any departure from the model. 

1.0 Introduction 
The genesis of this work lies in high resolution (R~18000) spectra at H, H and H I obtained from 

the blue less luminous component of the beautiful blue/gold double star Albireo, which I shall refer 

to as AlbireoB. The captured AlbireoB spectra are displayed in figures 1, 3 and 4 along with the result 

of modelling which will be described in this paper.  

It can be seen from these figures that at  H a strong emission component is present and indeed 

some emission can also be seen in the H profile whilst at H the profile seems to be the result of 

pure absorption. Communicating with other spectroscopists, via the online RSpec1 user group, I 

learned that the emission was coming from a "decreation disk" being spun off (possibly involving 

other poorly understood mechanisms) from this rapidly rotating star. It occurred to me that if I could 

model the H line profile to obtain the relevant physical properties of the star then I should be able 

to predict the expected absorption at H and H thus enabling me to separate the absorption 

(stellar) and emission (disk) components at these two longer wavelengths. 

Current "simple" analysis methods2 work with the equivalent width of the absorption line, as this 

immediately throws away all information regarding the shape of the line, it is not suitable for my 

purpose. An online search of the literature failed to locate a suitable "next step" model of the 

relevant region of a stellar atmosphere so I have developed my own. I shall refer to this "relevant 

region" as a "spectrosphere" as it can straddle the conventionally named photosphere and 

chromosphere regions of a star's atmosphere. The extent of a spectrosphere and position within the 

photosphere/chromosphere layers is dependent on the particular ion forming the absorption line 

series.  In my model I will assume that a particular spectrosphere is a single layer in thermal 
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equilibrium and as such this layer has a single temperature and mean free path between atomic 

particle collisions. The particles are assumed to be a single atomic species "Hyelium" with an 

effective atomic mass = 1.255 (determined by H and He cosmic abundances  i.e. 91.5% H and 8.5% 

He atoms by number) and a  set of  energy levels corresponding to Hydrogen. 

The custom software I have developed to implement this model3 reads and writes data file formats 

used by RSpec1. The software will also work with other packages provided they can present spectral 

data in two column data format but in this case model parameters will not be automatically 

displayed in the spectral graphs, rather they will be stored in a separate data file. 

Real stars will deviate from the predictions of this simple model, according to how well they are 

approximated by the model assumptions however, knowing how absorption line profiles from a 

single layer single atomic species thermal equilibrium spectrosphere should look allows speculation 

as to the cause of the inevitable departures from the model. 

2.0 Theory 
The general thrust of my analysis is first to determine the photon capture rates from the assumed 

state of thermal equilibrium and then go on to deduce the corresponding photon absorption cross-

sections for lines in a spectral series. The observed absorption line profile, from photons that have 

traversed a particular spectrosphere can then be calculated. 

To develop the theory we first need to understand what is meant by a state of "thermal equilibrium" 

and how it can be used to determine relevant stellar properties that will enable us to relate the 

profiles of absorption lines from a given ion. In the case of this particular study we will be focusing 

on the Hydrogen Balmer series. 

2.1 Thermal equilibrium 
A state of thermal equilibrium is an "ideal" state i.e. not strictly realised in nature, that nevertheless  

is an excellent approximation to many physical systems. The assumption of thermal equilibrium is a 

powerful analysis technique that can yield a wealth of information, so what is it?  

Imagine a large box with perfectly thermally insulating walls into which an amount of 

electromagnetic energy has been deposited i.e. photons. If the walls of the box are also perfectly 

reflecting then the photons, being non-interacting quantum particles, will retain their initial energy 

distribution for all time. As this energy distribution may or may not correspond to a state of "thermal 

equilibrium" our box needs to be internally lined with a "black body" material. A black body is 

another "ideal" concept, it is formed from a material that does not favour any particular wavelength 

when absorbing and re-emitting photons (for more information search Wikipedia). Such a material 

allows photons to effectively interact and thermalise i.e. achieve a state of thermal equilibrium in 

the form of a Planckian energy distribution        across all frequencies (see the Appendix). 

If we now introduce atoms e.g. Hydrogen into our box then, as atoms very definitely do favour 

certain wavelengths, they will modify the        distribution of photonic energy in our box at those 

certain wavelengths and in the process alter the electron population of their associated atomic 

energy levels. The atoms effectively store photons taken from the        radiation field. The key 
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points that make the assumption of thermal equilibrium so powerful is that such a state demands 

that the electron population of the atomic energy levels are governed by the Boltzmann distribution 

and that every process has an equal and opposite process (principle of detailed balance) such that 

photon capture and emission rates between any pair of atomic levels are equal and so their electron 

populations are constant "on average". We will now analyse in detail the relevant processes 

occurring within our thermal equilibrium box.  

Capture and emission processes between two atomic levels with principle quantum numbers i and j 

(i > j) are governed by the Einstein coefficients which relate the relevant atomic level populations via 

the equation (see the Appendix):- 

 
  

  
 

   
  

 
        

               
        (2.1) 

where:- 

    units m-3, is the number density of hydrogen atoms with an electron on the  th energy 

level 

          units J m-4 , is the Planck distribution photon energy density per unit volume per 

unit wavelength at temperature T and transition wavelength    . 

     with units s-1, is the Einstein coefficient for spontaneous photon emission from the n=i to 

n=j level electron transition (i>j). 

     units m3 J-1 s-2, is the Einstein coefficient for stimulated emission from the n=i to n=j level 

electron transition.  

      units m3 J-1 s-2, is the Einstein coefficient for photon capture resulting in the n=j to n=i 

level electron transition. 

and we have defined a dimensionless function:-  

          
 

    
  

     
   

        (2.2) 

The Einstein coefficients are fundamental properties of particular transitions within a particular  

atomic species and are independent of external factors. 

Using the definition (2.2) we can express          as:- 
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and therefore we can write:-  
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All constants introduced in equations (2.2) through to (2.4) take their usual physical meanings. 

We now define a photon "capture cross-section"     via:- 
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where   is a dimensionless constant into which all appropriate numeric constants are bundled. The 

reasons behind this particular definition are discussed in section 4 but it should be noted here that 

with this definition the capture cross-section has the required units of area. Using equation (2.5) 

equation (2.4) can now be re-arranged to yield:- 

     
    

 

  
    

  

     
  

  

  
        (2.6) 

Boltzmann statistics allows us to express the ratio 
  

  
 as:- 

 
  

  
 

  

  
     

  

     
          (2.7) 

Where        represents the statistical weight of the ith atomic level. Substituting in equation 

(2.6) we obtain:-  

     
    

 

  

  

  
         (2.8) 

Equation (2.8) achieves our first analysis aim i.e. to determine photon capture cross-sections from an 

assumed state of thermal equilibrium.  

2.2 Thermal equilibrium applied to stellar spectrospheres 
As stated earlier no real system is exactly in a state of thermal equilibrium, however they may exist  

in a stable state that can be very well approximated by thermal equilibrium. 

In the case of a stellar spectrosphere corresponding to a given base n=j excitation state of an atom 

(j=2 for the Hydrogen Balmer series), it will have an approximate lower boundary surface 

determined by the reduction in electron n=j level occupancy due to increasing temperature and 

pressure with increasing depth into the star. It will have an approximate upper boundary surface 

determined by decreasing atomic density as we move away from the star. Finally the energy 

emerging from the centre of the star will replenish the energy lost from its surface by radiation into 

space. 

We will therefore model a star's particular spectrosphere as a single layer, of thickness   meters, 

that is in thermal equilibrium at a  temperature of T Kelvin. This layer is assumed to be illuminated 

from below by a Planckian radiation flux (units J m-2) at wavelength   of        which, for a star, is 

assumed to be at the same temperature as the layer itself.  

To calculate the emerging spectrum we note that as photons of a given wavelength are 

indistinguishable quantum particles, we cannot determine the route that any particular photon 

takes through a spectrosphere. Therefore any configuration of routes that satisfy the boundary 

conditions is a possible configuration and must in principle be indistinguishable from other possible 

configurations. 



5 
 
 

One configuration in particular is very amenable to calculation, and that one assumes that only the 

photons that suffer no scattering on their journey across the spectrosphere will emerge. All photons 

that suffer a scattering event are assumed to be recycled into the continuum to maintain thermal 

equilibrium and are therefore not emitted from the upper surface. This is a possible configuration, as 

a photon that is not scattered will certainly emerge. It also satisfies all boundary conditions so any 

process that would deviate from the observed result, by the principle of detailed balance, must be 

compensated for by an equivalent inverse process on average. 

So to proceed consider a stream of photons at temperature   crossing the spectrosphere along our 

line of sight, the number of captures in wavelength range    at wavelength   occurring within a 

small distance    is given by                where         is the effective, box rest frame, 

number density of atoms in a state of motion and ionisation able to absorb a photon at wavelength 

  per unit wavelength. 

There are two points we need to note:- 

1. My software3 re-samples all spectra such that    is constant over the spectral range, this 

allows measured spectra (intensity per pixel) to be directly compared to distributions 

(intensity m-2    ) as they are proportional with the constant of proportionality     

2. In the atom rest frame, all captures occur at wavelength     hence the assumed constant 

capture cross-section.  

Now,         has units of m-3     therefore we have:- 

                      (2.9) 

The change in normalised radiation flux at wavelength   in range     as a function of x can be 

expressed as:- 

 d 
        

        
       

        

         
                   (2.10) 

Where                  , i.e. the continuum is assumed constant over the width of the line . 

Equation (2.10) can be integrated to give the, normalised continuum, emerging radiation flux within 

the range    which we will denote as         :- 

           
        

        
                           (2.11) 

Substituting from equation (2.8) we  obtain:- 

                                      (2.12) 

where   is the thickness of the absorbing layer and we have defined an "equivalent emission line" 

profile that mirrors all capture processes (principle of detailed balance) via:- 

          
    

 

  

  

  

       

  
       (2.13) 
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If we also define                 and                , when       we can deduce from (2.12) 

that:-  

                 
        

     
         (2.14) 

Substituting from (2.14) into (2.12) yields:- 

              
        

   
                                 (2.15) 

Where          
        

   
 is the normalised,             ,  equivalent emission line profile. 

Equation (2.15) can be inverted to yield:-  

          
            

       
        (2.16) 

When analysing absorption lines from a star, equation (2.16) is used to generate a normalised 

"equivalent emission line"          from the measured absorption line         . This emission line 

contains all the information regarding the dynamics of the stellar spectrosphere. We can use 

         as the target for determining physical properties of the star by simulating emission lines for 

a given temperature, pressure and state of rotation and comparing them to         .  

Having thus modelled a star we are able to compute the profile of any emission line in a particular 

series however our aim is to predict absorption line profiles so there is still work to be done. 

Before moving on to the prediction of absorption line profiles we explain the significance of the 

"equivalent emission line" a little more. The absorption profile          and the emission profile  

         represent the mathematical embodiment of Kirchoff's spectral laws i.e:- 

 Absorption lines          are seen when a continuous spectrum light source is viewed 

through an intervening gas cloud. 

 Emission lines          are seen when light from a continuous spectrum light source is 

scattered into our line of sight by a gas cloud adjacent to the source. 

Therefore for a given gas cloud illuminated by a given light source one of the spectral lines          

or          will be observed according to the observers viewpoint. 

2.3 Relationship between absorption line intensities within a line series 
For a given n=j base level line series, our task here is to determine the expected shape of the  th 

absorption line after modelling a measured i th absorption line. From equation (2.16) we know that:- 

     
        

      
 

        

      
        (2.17)  

From which we can deduce:- 

          

      

              (2.18) 



7 
 
 

We now need to determine a value for the ratio  
   

   
. 

We can calculate the area     (the "equivalent width" units m) under our simulated normalised 

emission lines using equation (2.13):- 

     
 

  

   
 

   

  

  
         (2.19) 

therefore:- 

     
 

  

   
 

   

  

  
         (2.20) 

and so finally we arrive at:- 

          
 
   

   
 

 
   

   

  
  

   
          (2.21) 

Equation (2.21) defines the required relationship between     and    . 

Having obtained     and computed the        emission line, from the known stellar model 

parameters,  equation (2.15) can now be used to predict the required absorption line         . 

Another interesting consequence of equation (2.19) is that we can substitute into (2.14) to obtain:-  

                  
               

     
    

        (2.22) 

which would give, once a value for the constant   is determined, the number of atoms that are in 

the required state to absorb a     photon per unit surface area of the star i.e. the column density of 

atoms in principle quantum state j. 

 In a follow-up paper I will present an extension of this analysis that will allow, for a given set of 

stellar model parameters,    to be calculated and thus also enables the determination of   , the 

spectrosphere thickness. 

3.0 Experimental Results 
All the spectra presented in this paper were obtained using a LhiresIII spectrograph with a 2400 

lines/mm (R~18000) grating. The spectrograph was mounted on a Meade 12" LX200 ACF, the main 

camera was an Atik314L+ guided using a Starlight Express Lodestar. MaximDL and Skymap Pro 

software were used in the image capture process whilst RSpec1 software was used to reduce all 

spectral data to linear plots of intensity against wavelength. 

3.1 Albireo (Cygni) 

The B8V type B component of this double star system, officially designated TYC 2133-2963-1, was 

targeted. The captured and modelled absorption spectra are displayed in figures 1, 3 and 4.  
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For reasons described in the introduction, modelling of the star's hydrogen Balmer spectrosphere 

was performed on the H line. The measured H absorption line was first re-sampled to a constant 

wavelength bin width before being transformed into the effective emission line displayed in figure 2, 

blue curve, using equation (2.16) and then the custom software4 was used to determine model 

parameters of the star's spectrosphere, those parameters are displayed in figure 2 where:- 

 AMass is the atomic mass used in the calculations. 

  L0 is the line centre wavelength. 

 dl is the re-sampled wavelength bin width. 

 T is the Temperature. 

 MFP is the atomic mean free path. 

 A0 is the measured line centre absorption radiation intensity.  

 Wequiv is the equivalent width, and therefore area, of the modelled line. 

 vrot the star's equatorial surface velocity due to rotation. 

 Ob is the oblateness i.e. equatorial divided by polar diameter. 

 Theta is the angle of view relative to the equatorial plane in units of  . 

 sN2t is the computed value of      for the Balmer series (j = 2). 

  

Figure 1: AlbireoB, modelled H absorption        Figure 2: AlbireoB, modelled H emission  line  

line (red) measured line (blue)            (red) equivalent emission line (blue)  

 
Figure 3: AlbireoB, modelled H absorption  Figure 4: AlbireoB, modelled H absorption (red)   

line (red)  measured line (blue)       line  (red) measured line (blue)  
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Having determined these parameters, equivalent emission lines can be computed at H and H 

wavelengths. Equations (2.15) and (2.21) can then be used to generate the modelled absorption 

lines depicted in figures 1, 3 and 4. 

 It can be seen that at H the measured 

absorption line is not particularly well 

reproduced but we can run the software again 

using an option to specify a value for the 

parameter A0. Choosing the value A0 = 0.45 

yields the result depicted in figure 5. 

Division, at Hand H, of the measured lines 

depicted in figures 4 and 5 by the modelled lines 

also depicted in those figures, does a good job 

of flattening the background illumination of the 

decreation disk to reveal the pure emission 

from the disk at these two wavelengths as can 

be seen in figures 6 and 7. 

It would now be possible to go on to model the 

dynamics associated with the disk. I have already attempted this3 but the model used was that of 

solid rotation (i.e. a very viscous disk) I have yet to produce a more realistic Kepler orbit model.  

3.2 Deneb (Cygni) 

The type A2 1a star Deneb was modelled using the measured H absorption line as a template in a 

similar way to AlbireoB. The resulting modelled absorption lines are depicted in figures 8, 9 and 10 

along with the measured lines. It can be seen that this star is particularly well modelled and no 

adjustment was necessary to reproduce the observed absorption lines to very good accuracy. The 

value of      obtained by the modelling is automatically displayed in figure 9 as this was the line 

analysed for the model parameters. 

 

Figure 6: AlbireoB, Disk H emission line  Figure 7: AlbireoB, Disk H emission line A0  

      adjusted

 

Figure 5: AlbireoB, modelled H absorption 

line A0 adjusted (red) measured line (blue)  
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This star is known to produce a fast stellar wind and this is the cause of the line distortion observed 

at H 

 

3.3 Sulaphat (Lyr) 

The type B9III star Sulaphat was modelled using the H absorption line as a template following the 

same procedure as for AlbireoB, the result of the modelling is depicted in figures 11, 12 and 13. It 

can be seen that the line profiles (shape) are not as well modelled as the previous stars. In particular 

it could be imagined that such profiles were the product of two distinct components i.e. a broad high 

temperature and pressure component that dominates at short wavelengths and a narrow lower 

temperature lower pressure component that dominates at longer wavelengths. This characteristic is 

shared with other stars that I have observed namely Sirius and Vega and the nature of this line 

profile will be the topic of future work. 

  

Figure 8: Deneb, modelled H line  (red)  Figure 9: Deneb, modelled H absorption line  

measured line (blue)    (red) measured line (blue)  

 

Figure 10 Deneb, modelled H line  (red) 

measured line (blue)
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3.4 Sun 
The solar spectral lines were captured by reflection from Jupiter's moon Europa. The Sun was 

modelled using the H absorption line as a template and the results are depicted in figures 13 and 14 

for Hand H respectively. The estimate for      automatically appears in figure 14 as this was the 

line used to establish the model parameters. 

Again the line profiles are not particularly well modelled and the prediction for the depth of 

absorption at His disappointing however, as for Sulaphat, this is most likely the result of the single 

layer aspect of the spectrosphere model failing. 

 

 

Figure 11: Sulaphat, modelled H absorption     Figure 12: Sulaphat, modelled H absorption 

line  (red) measured line (blue)        line  (red) measured line (blue)   

 

Figure 13: Sulaphat, modelled H line  (red) 

measured line (blue)
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4.0 Discussion 
In this section we will first discuss the definition of capture cross-section used in this paper and then 

say a little more about the accuracy of modelling.  

4.1 Capture cross-section definition 
Equation (2.4) can be re-written as:- 

           
     

  

          
        (4.1) 

which defines a relationship between the level populations and photon field in terms of fundamental 

properties of the particular atomic species and particular transition. Equation (4.1) is couched in 

terms of the Einstein coefficients and each side of this equation has units m3 s-1. 

There cannot be another independent relationship between these properties i.e. it must be unique. 

Therefore if I wish to express this relation in terms of cross-sections, I merely have to re-arrange the 

equation so that the dimensions of the quantities on each side of the equality correspond to an area. 

Note that this dimensional analysis cannot determine the presence or placing of any numeric 

constants, hence I will include a dimensionless constant    into which any existing or newly 

introduced numerical constants will be bundled. 

 A dimension of area can be achieved in two ways, given that the square bracket term and the 

constant   are both dimensionless:- 

1.     
     

 
 

    
    

   
 

  

          
        (4.2) 

2.     
     

      
 

    
 

  
 

  

          
        (4.3) 

 

Figure 13: Sun, modelled H absorption line    Figure 14: Sun, modelled H absorption line  

(red) measured line (blue)     (red) measured line (blue)     
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Note that each term that is not absorbed into the photon capture cross-section definition will 

appear as a ratio in the exponent of equation (2.21) and also that any constants will divide out in this 

equation.  

It was determined experimentally that definition 2 i.e. equation (4.3) is the appropriate one to use. 

The experimental distinction between the two possibilities was dramatic and very clear. The ratio 
    

    
      for the Hydrogen Balmer series and, as already noted, this term would become an 

additional factor in the exponent of equation (2.21) and would therefore destroy the reasonably 

good agreement between predicted and measured absorption line profiles obtained in its absence. 

Whilst the value of the constant   will not affect equation (2.21) it will be necessary to determine its 

value if we wish to compute the column density of neutral atoms in a star's spectrosphere and the 

thickness of the star's spectrosphere. A "follow up" paper will suggest an appropriate value to yield a 

reasonable estimation of the Sun's Hydrogen Balmer spectrosphere width, it will also justify this 

value in terms of fundamental physics. 

4.2 Modelling accuracy 
The model parameter sets obtained for each star may not be unique as there are more parameters 

than constraints on them provided by the experimental data this is particularly true if rotation is 

involved. There are therefore trade off's between the various parameters which could affect the 

overall modelling accuracy. 

4.2.1 Temperature 

Stellar temperatures, used in the modelling, were obtained by fitting a Planck function (Equation 

2.4) to RSpec1 library low resolution spectra chosen by star classification e.g. B8V for AlbireoB. Such 

temperatures were generally on the high side of published temperatures particularly for the hotter 

stars. For these hot stars the fitting process becomes inaccurate due to the continuum peak moving 

out of the visual range resulting in the visual continuum following a  
 

  
 profile independent of 

temperature. Fortunately the sensitivity of the modelling to temperature seems fairly weak at stellar 

temperatures (~10000K). 

4.2.2 Pressure and rotation 

Pressure i.e. atomic mean free path, and (if surface velocities are a significant fraction of the speed 

of light) rotation are the main factors contributing to a spectral line's "full width half maximum" 

(FWHM). 

Pressure effects are governed by the Lorentz distribution for which the FWHM is proportional to the 

square of the wavelength. Rotation is in essence a Doppler effect which is linear in wavelength. 

Therefore, if a star is suspected of being a fast rotator, it is possible to adjust the proportions of 

these two effects to better match the widths of lines at different wavelengths. 

4.2.3 Other sources of error 

A possible major source of error is the spectrum black level. This is particularly important if the 

absorption lines are strong in which case errors in the black level are a large fraction of the line 

centre intensity. 
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This may be a another reason for the relatively poor fit obtained for the Sun where A0 = 0.216 at the 

modelled wavelengths. The two stars that fitted well to the model had, at the modelled 

wavelengths, A0 = 0.439 (Albireo B) and A0 = 0.438 (Deneb). 

The black level was determined by subtracting a closely neighbouring empty stripe from the spectral 

stripe on the captured dark subtracted and bias subtracted image. Ambient light ingress into the 

spectrograph could also be a problem as is the sharpness of focus. 

 One last obvious source of error is that a particular star is not well modelled by a single layer 

spectrosphere. I have done some work on a two layer model3 and it seems that such a failure is 

indicated when the modelled line shape does not fit the measured line profile. Moving to a two layer 

model can better fit these types of line profile. 

5.0 Conclusions 
A simple model of stellar spectrospheres has been developed that is soundly based in the relevant 

physics and is reasonably successful in modelling absorption lines across the Hydrogen Balmer 

series. 

Software implementing the model has been developed and is freely available from the author3. 

Knowing how a single layer spectrosphere in thermal equilibrium should look allows speculation as 

to the cause of any deviation from the model observed in the spectra from real stars. 

It should now be possible to move on to calculate other properties of spectrospheres such as 

pressure, mass density and effective thickness and this is the direction in which I will be the subject 

of a "follow up" paper. 
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Appendix 
 

A1 Planck functions 
Planck functions, expressed in terms of frequency, come in two forms5 :- 

1. Energy denstiy:           
     

  
  

    
  

  
   

 J m-3   (A1.1) 

2. Energy flux:           
     

  
  

    
  

  
   

 W m-2   (A1.2) 

As frequency and wavelength are related by      we can change variable to obtain the 

corresponding Planck wavelength functions:-  

1. Energy denstiy:           
    

  
  

    
  

   
   

 J m-3   (A1.3) 

2. Energy flux:           
     

  
  

    
  

   
   

 W m-2   (A1.4) 

Spectra analysed in this paper are captured as functions of wavelength and therefore equations (A.3) 

and (A.4) have been used in the analysis.  

A2 Einstein coefficients 
Reference 4 describes the Einstein coefficients and contains the following equation relating them to 

the photon energy density and atomic level populations:- 

 
  

  
 

           

               
        (A2.1)  

By comparing Equations (A1.1) and (A1.3) we see that:- 

        
  

 
              (A2.2) 

Substitution of (A2.2) into (A2.1) yields equation (2.1) i.e:- 

 
  

  
 

   
   
 

 
        

       
   
 

 
        

        (A2.3) 

We also have4:- 

 
   

   
 

   

   
          (A2.4) 

Substituting from equations (A2.4) and (A1.3) into (A2.1) yields:- 
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        (A2.5) 

Where:- 

          
 

    
  

     
   

       (A2.6) 
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